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The aim of this paper is to investigate relations between uniform local connectedness and
the dimension of the Smirnov remainder. In particular, we devote this paper to calculating
the dimension of the Smirnov remainder udRn  Rn of the n-dimensional Euclidean space
(Rn,d) with uniform local connectedness. We show that dimudR  R = indudR  R =
IndudR  R = 1 if (R,d) is uniformly locally connected. Moreover, we introduce a new
concept of “thin” covering spaces, and we have the following: If an inﬁnite covering
space (R2, d˜) of a compact 2-manifold is “thin”, then dimud˜R
2
 R
2 = indud˜R2  R2 =
Indud˜R
2
 R
2 = 2.
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1. Introduction
In this paper, we follow the notation and terminology of [4]. The set of natural numbers, integers, real numbers, and
[0,∞) are denoted by N,Z,R, and R+ , respectively. Let Y be a subspace of a metric space (X,d). We denote by d|Y the
subspace metric on Y induced by d and diamd Y the diameter of Y .
For a metric space (X,d), the Smirnov compactiﬁcation ud X is the compactiﬁcation associated with the set of all bounded
uniformly continuous real-valued functions on (X,d). The remainder ud X  X of the Smirnov compactiﬁcation ud X is said
to be the Smirnov remainder of (X,d). Note that the Smirnov compactiﬁcation ud X of a metric space (X,d) is a metric-
dependent compactiﬁcation. A metric d on X is said to be proper if for every r > 0 and x ∈ X , ClX Br(x,d) is compact, where
Br(x,d) = {y ∈ X: d(x, y) < r}. Clearly, every proper metric space is locally compact and σ -compact. It is known that the
Smirnov remainder ud X  X of a noncompact proper metric space (X,d) is not metrizable [13, Theorem 3.3]. For more
details, we refer the reader to [6] and [13]. Here, we formalize the characteristic property of the Smirnov compactiﬁcations.
Proposition 1.1. ([13, Theorem 2.5]) Let X be a noncompact metric space with a metric d and αX a compactiﬁcation of X . Then the
following are equivalent:
(1) αX is equivalent to ud X.
(2) For disjoint closed sets A, B ⊂ X, ClαX A ∩ ClαX B = ∅ if and only if d(A, B) > 0.
✩ An earlier version of this paper was presented at Su¯rikaisekikenkyu¯sho in Kyoto University, October 19, 2006.
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dim∞(X,d) holds for each noncompact metric space (X,d), where dim∞(X,d) is the boundary dimension of (X,d). Gen-
erally speaking, Smirnov’s theorem does not calculate the large inductive dimension Indud X  X of ud X  X because
ud X  X is not metrizable if a metric space (X,d) is proper. Thus, we don’t know whether dimud X  X = Indud X  X
or dimud X  X < Indud X  X . On the other hand, by [3, Lemma 1], the following is known: Let X be a noncompact metric
space and {Ei}i∈N a pairwise disjoint locally ﬁnite collection of compact subsets of X such that dim Ei = dim X for each
i ∈ N. Then dim X = dimβX  X = indβX  X = IndβX  X holds, where βX is the Stone–Cˇech compactiﬁcation of X .
By this background above, this paper is intended to give a suﬃcient condition that dim X = dimud X  X = indud X  X =
Indud X  X holds for a noncompact proper metric space (X,d).
Here, we recall the following metric-dependent property (see [9, p. 135]).
Deﬁnition 1.2. A metric space (X,d) is said to be uniformly locally connected at ∞, written ULC at ∞, if for any ε > 0 there
exist a δ > 0 and a compact set K of X such that for any two points x, y ∈ X  K with d(x, y) < δ there exists a connected
subset P of X satisfying x, y ∈ P and diamd P < ε. In particular, if we can take a compact set K above as the empty set,
then (X,d) is said to be uniformly locally connected, written ULC.
For example, (Rn,dn) is ULC, where dn is the usual metric on the n-dimensional Euclidean space Rn . Every ULC metric
space is locally connected and is ULC at ∞. Furthermore, we showed the following in [1, Lemma 3.7]: Let (X,d) be a locally
compact metric space. Then, (X,d) is locally connected and ULC at ∞ if and only if it is ULC.
Recently, the authors showed in [2, Corollary 2.7] that dimudnR
n  Rn = indudnRn  Rn = IndudnRn  Rn = n for each
n ∈ N. From our previous result above, it is natural to ask for a suﬃcient condition that dimud X  X = indud X  X =
Indud X  X = n holds for a noncompact n-dimensional proper metric space (X,d). By this motivation, the aim of this paper
is to investigate relations between uniform local connectedness and the dimension of the Smirnov remainder.
In Section 2, we discuss approximating a given metric space (X,d) by a better metric space (P ,ρ) with a “good” topo-
logical property of X such that ud X  X is homeomorphic to uρ P  P , and give an application of it in Section 3: For every
noncompact proper metric space (X,d), there exists a polyhedron (P ,ρ) such that dim P  1 and ud X  X is homeomor-
phic to uρ P  P . In particular, if (X,d) is ULC at ∞, (P ,ρ) is ULC. Furthermore, applying the result above, we have the
following: Let (X,d) and (Y ,ρ) be noncompact, connected proper metric spaces. If ud X  X is connected, then there exists
a compatible proper metric ρY on Y such that ud X  X is homeomorphic to uρY Y  Y . From this result, we have the
aﬃrmative answer for Question 3.1 raised in [2].
We devote Sections 4–6 to calculating the dimension of the Smirnov remainder udRn  Rn of the n-dimensional Eu-
clidean space (Rn,d) with uniform local connectedness. In Section 4, we calculate the dimension of the Smirnov remainders
of noncompact 1-dimensional polyhedra with uniform local connectedness: We show that dimudR  R = indudR  R =
IndudR  R = 1 if (R,d) is ULC. Furthermore, we show more general results than the fact above. In Section 5, we
discuss relations between uniform local connectedness and the dimension of the Smirnov remainders of noncompact high-
dimensional topological manifolds: For any k,n ∈ N with 1 k n, there exists a compatible proper metric dk,n on Rn such
that (Rn,dk,n) is ULC and dimudk,nR
n
 R
n = indudk,nRn  Rn = Indudk,nRn  Rn = k. On the other hand, for any k,n ∈ N
with 1 n < k there exists a compatible proper metric ρk,n on Rn such that (Rn,ρk,n) is not ULC and dimuρk,nRn  Rn = k.
Finally, in Section 6, we introduce a new concept of “thin” covering spaces, and we have the following: If an inﬁnite covering
space (R2, d˜) of a compact 2-manifold is “thin”, then dimud˜R
2  R2 = indud˜R2  R2 = Indud˜R2  R2 = 2.
2. Approximations of the Smirnov remainders by 1-dimensional polyhedra
Deﬁnition 2.1. Let (X,d) be a proper metric space. A subspace D of X is said to be dense at ∞ in (X,d) if for every ε > 0
there exists a compact subset Kε of X such that D ∩ (X  Kε) is ε-dense in X  Kε .
Note that every noncompact proper metric space (X,d) has a countable inﬁnite discrete subset D which is dense at ∞
in (X,d). Mimicking the proof of [13, Theorem 4.6], we have the following.
Proposition 2.2. Let (X,d) be a proper metric space and D a closed subset of X which is dense at ∞ in (X,d). Then ud X  X is
homeomorphic to ud|D D  D.
Recall that X is said to be a polyhedron if there exists a locally ﬁnite simplicial complex T such that X is homeomorphic
to the underlying space |T| of T with the Whitehead topology. Note that |T| is an ANR, and is locally arcwise connected. If
τ ∈ T is a face of σ ∈ T, we write τ < σ .
Let (X,d) be a noncompact proper metric space. Then we construct a better metric space (P ,ρ) with a “good” topolog-
ical property of X such that ud X  X is homeomorphic to uρ P  P . First, we construct a locally ﬁnite countable simplicial
complex T. Since (X,d) is locally compact and σ -compact, there exists a star-ﬁnite countable open covering U of X satisfy-
ing the following properties:
(	1) For every ε > 0 there exists a compact subset K of X such that diamd U < ε for each U ∈ U with U ∩ (X  K ) = ∅.
(	2) X =⋃{V ∈ U: U = V } for any U ∈ U.
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as {v(U ): U ∈ U} and we denote a simplex spanned by v(U ) and v(U ′) by σ(U ,U ′). For simplicity of notation, we write
σ(U ,U ) = v(U ). For every U ∈ U we take an xU ∈ U ⋃{V ∈ U: U = V } because of (	2). For every 1-simplex σ = σ(U ,U ′)
of T, there exists a metric d|σ | on |σ | such that (|σ |,d|σ |) is isometric to ([0,d(xU , xU ′ )],d1|[0,d(xU ,xU ′ )]).
We deﬁne a proper metric d|T| on |T| as follows:
Let a,b ∈ |T|.
(1) d|T|(a,b) = d(xU , xU ′ ) if a = v(U ),b = v(U ′) ∈ |T(0)|.
(2) d|T|(a,b) = d|σ |(a,b) if a,b ∈ |σ | for some 1-simplex σ ∈ T.
(3) If a ∈ |σ(U ,U ′)| and b ∈ |σ(V , V ′)| with σ(U ,U ′) = σ(V , V ′), then
d|T|(a,b) = min
α=U ,U ′
β=V ,V ′
{
d|σ (U ,U ′)|
(
a, v(α)
)+ d(xα, xβ) + d|σ (V ,V ′)|(v(β),b)}.
Then we see that d|T| is a proper metric on |T| compatible with the Whitehead topology on |T|. Furthermore, we have
the following property:
(	3) diamd|T| |σ(U ,U ′)| = d(xU , xU ′ ) for each 1-simplex σ(U ,U ′) ∈ T.
The following theorem is a modiﬁcation of Proposition 2.2, i.e., there exists a polyhedron (P , σ ) with dim P  1 such
that uσ P  P is homeomorphic to ud X  X .
Theorem 2.3. Let (X,d) and (|T|,d|T|) be as in the above. Then ud X  X is homeomorphic to ud|T| |T|  |T|. In particular, if (X,d) is
ULC at ∞, then (|T|,d|T|) is ULC.
Proof. First, we show that D = {xU : U ∈ U} is dense at ∞ in (X,d). Let ε > 0. By (	1) above, there exists a compact
subset K of X such that diamd U < ε for each U ∈ U with U ∩ (X  K ) = ∅. Let x ∈ X  K . There exists a U ∈ U containing x.
Since diamd U < ε, d(x, xU ) < ε.
Next, we show that D ′ = |T(0)| is dense at ∞ in (|T|,d|T|). Let ε > 0. By (	1), there exists a compact subset K ′ of X such
that diamd U < ε/2 for each U ∈ U with U ∩ (X  K ′) = ∅. Set K ′′ =⋃{|σ(U ,U ′)|: σ(U ,U ′) ∈ T, K ′ ∩ (U ∪ U ′) = ∅} which
is compact. Let z ∈ |T| K ′′ . There exists a σ ∈ T such that z ∈ |σ |. By the deﬁnition of K ′′ , K ′ ∩U = ∅ for each v(U ) ∈ σ (0) ,
thus, diamd U < ε/2 for each v(U ) ∈ σ (0) . By (	3) above, diamd|T| |σ | < ε. Therefore, d(z, D ′) diamd|T| |σ | < ε.
By Proposition 2.2, we see that ud X  X is homeomorphic to ud|D D  D and ud|T| |T|  |T| is homeomorphic to
ud|T||D′ D
′
 D ′ . By the deﬁnition of d|T| , (D,d|D) is isometric to (D ′,d|T||D ′), and then ud X  X is homeomorphic to
ud|T| |T|  |T| by [13, Theorem 2.10].
Now, we suppose that (X,d) is ULC at ∞. We show that (|T|,d|T|) is ULC at ∞. Let ε > 0. Then there exist a δ > 0 with
12δ < ε and a compact subset K0 of X such that for any x, y ∈ X  K0 with d(x, y) < 5δ there exists a connected subset P
in X satisfying x, y ∈ P and diamd P < ε/2. By (	1), there exists a compact subset K1 of X such that diamd U < δ for each
U ∈ U with U ∩ (X  K1) = ∅. Set K˜ =⋃{|σ(U ,U ′)|: σ(U ,U ′) ∈ T, ClX Bε(K0 ∪ K1,d) ∩ (U ∪ U ′) = ∅} which is compact.
Take two points a,a′ ∈ |T|  K˜ with d|T|(a,a′) < δ. There exist simplices σ(U ,U ′),σ (V , V ′) ∈ T such that a ∈
|σ(U ,U ′)| and a′ ∈ |σ(V , V ′)|. Since a,a′ /∈ K˜ , max{diamd α : α ∈ {U ,U ′, V , V ′}} < δ. By (	3), max{diamd|T| |σ(U ,U ′)|,
diamd|T| |σ(V , V ′)|} < 2δ. Thus,
d(xU , xV ) = d|T|
(
v(U ), v(V )
)
 d|T|
(
v(U ),a
)+ d|T|(a,a′)+ d|T|(a′, v(V ))
 diamd|T|
∣∣σ (U ,U ′)∣∣+ d|T|(a,a′)+ diamd|T| ∣∣σ (V , V ′)∣∣
 2δ + δ + 2δ = 5δ.
Since xU , xV /∈ K0 ∪ K1 and d(xU , xV ) < 5δ, there exists a connected subset P in X satisfying xU , xV ∈ P and diamd P < ε/2.
So, we have a sequence U1,U2, . . . ,Uk of U with U = U1 and V = Uk such that P ∩ Ui = ∅ for each i = 1, . . . ,k
and Ui ∩ U j = ∅ if and only if |i − j|  1. Set U0 = U ′ and Uk+1 = V ′ . Deﬁne a connected subcomplex L of |T| by⋃{|σ(Ui,Ui+1)|: i = 0, . . . ,k}. Here, since U ∩ ClX Bε(K0 ∪ K1,d) = ∅, xU ∈ U ∩ P , and diamd P < ε/2, we have P ⊂ X  K1.
Therefore, Ui ∩ (X  K1) = ∅, and then diamd Ui < δ and diamd|T||σ(Ui,Ui+1)| < 2δ for all i. Since a,a′ ∈ L, it suﬃces to
show that diamd|T| L < ε. Let z, z
′ ∈ L. There exist i, j ∈ N with 0 i, j  k such that z ∈ |σ(Ui,Ui+1)| and z′ ∈ |σ(U j,U j+1)|.
We have
d|T|
(
z, z′
)
 diamd|T|
∣∣σ(Ui,Ui+1)∣∣+ d|T|(v(Ui), v(U j))+ diamd|T| ∣∣σ(U j,U j+1)∣∣
< 2δ + d(xUi , xU j ) + 2δ
< 4δ + δ + diamd P + δ < 6δ + ε/2 < ε.
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of |T|, (|T|,d|T|) is ULC. 
Question 2.4. Let (X,d) be a noncompact connected proper metric space. Does there exist a 1-dimensional polyhedron (P ,ρ) with
uniform local connectedness such that ud X  X is homeomorphic to uρ P  P?
3. The complementation property
In [2], we have the following: Let (X,d) and (Y ,ρ) be noncompact, connected, proper metric spaces. If there exists
a perfect map p : R+ → X such that ud|p(R+) p(R+)  p(R+) is homeomorphic to ud X  X , then there exists a proper metric
ρY compatible with the topology on Y such that ud X  X is homeomorphic to uρY Y  Y . From the fact above, we naturally
ask the following.
Question 3.1. ([2, Question 2.6]) Let (X,d) be a connected proper metric space with ud X  X being connected. Does there exist a
compatible proper metric ρ on R+ such that uρR+  R+ is homeomorphic to ud X  X?
In this section, we give the aﬃrmative answer for the question above.
Deﬁnition 3.2. A connected space is said to have the complementation property if the complement of every compact subset
has at most one non-relatively compact component (see [12, pp. 240–241]). A metric space (X,d) is said to have an inﬁnite
chain map to R+ if there exists a surjective perfect map f : X → R+ such that f −1([n − 1,n]) is connected for each n ∈ N.
We notice that R does not have an inﬁnite chain map to R+ . First, we state relations between the complementation
property and connectedness of the Smirnov remainder.
Lemma 3.3. Let (X,d) be a noncompact, locally connected, connected proper metric space.
(1) If X has the complementation property, then ud X  X is a non-metrizable continuum.
(2) If ud X  X is connected and if (X,d) is ULC at ∞, then X has the complementation property.
Proof. Let p : βX → ud X be the natural projection.
(1) By [12, Theorem 9.32, p. 241], βX  X is connected. Since p(βX  X) = ud X  X , ud X  X is a continuum.
(2) By [1, Theorem 3.3], p|βXX : βX  X → ud X  X is monotone. Thus, βX  X is connected. By [12, Theorem 9.32,
p. 241], X has the complementation property. 
In Lemma 3.3(2), uniform local connectedness cannot be omitted.
Example 3.4. Let X = ([1,∞) × {0}) ∪ ({1} × [0,1]) ∪ {(x,1/x) ∈ R2: x 1} ⊂ R2 and d = d2|X . We notice that (X,d) is not
ULC at ∞. Moreover, by [13, Theorems 4.2 and 4.6], we can easily verify that ud X  X is connected, but X cannot have the
complementation property.
Lemma 3.5. Let (X,d) be a connected proper metric space. If (X,d) has an inﬁnite chain map to R+ , then X has the complementation
property.
Proof. Assume the contrary that there exists a compact subset K such that X  K has two non-relatively compact compo-
nents C1 and C2. Let ϕ : X → R+ be an inﬁnite chain map. Note that ϕ(Ck) is connected and unbounded in R+ for k = 1,2.
Then there exists an m ∈ N such that ϕ−1([m,∞)) ∩ K = ∅ and ϕ(C1) ∩ ϕ(C2) ⊃ [m,∞), and hence ϕ−1([m,m + 1]) is not
connected, a contradiction. 
Lemma 3.6. Let (X,d) be a locally connected, connected proper metric space. If (X,d) has the complementation property, then (X,d)
has an inﬁnite chain map to R+ .
Proof. We construct a sequence {Kn}n∈N of continua of X such that X =⋃∞n=1 Kn , IntX Kn = ∅ for each n ∈ N and Kn ∩ Km =∅ if and only if |n −m| 1.
Choose z0 ∈ X and a compact subset L1 of X containing B1(z0,d). Since X is locally connected and locally compact, there
exists a compact subset M1 of X having ﬁnitely many components M1,0,M1,1, . . . ,M1,m1 such that L1 ⊂ M1 ⊂ B4−1 (L1,d).
Moreover, for every i = 1,2, . . . ,m1, we have a continuum A1,i connecting M1,0 and M1,i . Let N1 = M1 ∪⋃m1i=1 A1,i that is
a continuum, and C1 the set of all components of X  N1. Since (X,d) has the complementation property, X  N1 has the
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closed in X because of K1 = X  C1 and local connectedness of X .
Let L2 = ClX (B2diamd K1 (z0,d) K1), and we note that L2 ⊂ ClX C1. Since X is locally connected and locally compact, there
exists a compact subset M2 of X having ﬁnitely many components M2,0,M2,1, . . . ,M2,m2 such that L2 ⊂ M2 ⊂ B4−1 (L2,d).
Since ClX C1 is connected and X is locally connected and locally compact, for every i = 1,2, . . . ,m2 we have a continuum
A2,i in B4−1 (ClX C1,d) connecting M2,0 and M2,i . Let N2 = M2 ∪
⋃m2
i=1 A2,i that is a continuum, and C2 the set of all
components of X  (N1 ∪ N2) having the unique non-relatively compact component C2. By the same argument above,
K2 = N2 ∪⋃{C : C ∈ C2  {C2},C ⊂ C1} is a continuum in B4−1 (ClX C1,d). Applying induction, we can construct a connected
compact cover {Kn}n∈N of X such that IntX Kn = ∅ for each n ∈ N and Kn ∩ Km = ∅ if and only if |n−m| 1.
Denote K0 = {z0}. Deﬁne a continuous map f : X → R+ by
f (x) = d(x, Kn−1 ∩ Kn)
d(x, Kn−1 ∩ Kn) + d(x, Kn ∩ Kn+1) + n − 1
if x ∈ Kn for n ∈ N. It is clear that f is a perfect onto map and f −1([n − 1,n]) = Kn for each n ∈ N, as claimed. 
Summarizing the lemmas above, we have the following.
Theorem 3.7. Let (X,d) be a noncompact, locally connected, connected proper metric space with uniform local connectedness at ∞.
Then the following are equivalent:
(1) ud X  X is a non-metrizable continuum.
(2) X has the complementation property.
(3) X has an inﬁnite chain map to R+ .
Next, we deal with Question 3.1.
Lemma 3.8. Let (X,d) be a noncompact, locally arcwise connected, connected proper metric space. If X has an inﬁnite chain map to
R+ , then there exists a perfect map g : R+ → X such that g(R+) is dense at ∞ in (X,d).
Proof. Let f : X → R+ be an inﬁnite chain map, Fn = f −1([n − 1,n]) for each n ∈ N, and let D be dense at ∞ in (X,d)
with D ∩ Fn being ﬁnite for each n ∈ N. Choose x0 ∈ F1 and xn ∈ Fn ∩ Fn+1 for each n ∈ N. Here, for any n ∈ N there
exists an εn > 0 such that Bεn (Fn,d) ∩ (
⋃
|k−n|>1 Fk) = ∅. Since Fn is connected and X is a locally arcwise connected
proper metric space, there exists a continuous map gn : [n − 1,n] → Bεn (Fn,d) such that gn(n − 1) = xn−1, gn(n) = xn , and
D∩ Fn ⊂ gn([n−1,n]). A map g =⋃ gn : R+ → X is a well-deﬁned perfect map such that g(R+) is dense at ∞ in (X,d). 
Lemma 3.9. Let (X,d) be a connected proper metric space. Then, ud X  X is connected if and only if there exists a connected 1-
dimensional polyhedron P with a proper metric ρ such that (P ,ρ) has the complementation property and ud X  X is homeomorphic
to uρ P  P .
Proof. Since the “if” part follows from Lemma 3.3(1), we prove the “only if” part. By Theorem 2.3, there exists a connected
1-dimensional polyhedron Q with a proper metric σ such that ud X  X is homeomorphic to uσ Q  Q . Since Q is a
locally connected, connected proper metric space, and uσ Q  Q is connected, there exists a strictly increasing sequence
{Kn}n∈N of compact subpolyhedra of Q with σ(Kn, Q  IntQ Kn+1) 1 for each n ∈ N such that Q  Kn consists of ﬁnitely
many non-relatively compact components Cn1, . . . ,C
n
(n) and σ(C
n
A, Q  (Kn ∪ CnA)) = 0 for each nonempty proper subset
A ⊂ {1, . . . , (n)}, where CnA =
⋃
i∈A Cni . Here, we may assume that Q  Kn =
⋃(n)
i=1 C
n
i for each n ∈ N. Furthermore, we may
assume that σ(ClQ CnA ∩ Ln, Ln  CnA) < 1/2n for each nonempty proper subset A ⊂ {1, . . . , (n)}, where Ln = Kn+1  IntQ Kn
for each n ∈ N.
Now, let n ∈ N be ﬁxed and take an n1 ∈ {1, . . . , (n)}. Then there exist a cn1,n ∈ ClQ Cnn1 ∩ Ln , an n2 ∈ {1, . . . , (n)}  {n1},
and a c′n1,n ∈ Cnn2 ∩Ln such that σ(cn1,n, c′n1,n) = σ(ClQ Cnn1 ∩Ln, LnCnn1 ) < 1/2n . Next, there exist a cn2,n ∈ ClQ (Cnn1 ∪Cnn2 )∩Ln ,
an n3 ∈ {1, . . . , (n)}  {n1,n2}, and a c′n2,n ∈ Cnn3 ∩ Ln such that σ(cn2,n, c′n2,n) = σ(ClQ (Cnn1 ∪ Cnn2 ) ∩ Ln, Ln  (Cnn1 ∪ Cnn2 )) <
1/2n . Inductively, we can take sequences {cni ,n}(n)−1i=1 , {c′ni ,n}(n)−1i=1 , and {Cnni }(n)i=1 such that σ(cni ,n, c′ni ,n) = σ(ClQ (
⋃i
j=1 Cnn j )∩
Ln, Ln  (
⋃i
j=1 Cnn j )) < 1/2
n , cni ,n ∈
⋃i
j=1 Cnn j ∩ Ln , and c′ni ,n ∈ Cnni+1 ∩ Ln for any i = 1, . . . , (n) − 1.
We enlarge the space Q by adding intervals [cni ,n, c′ni ,n] of length σ(cni ,n, c′ni ,n) for any i = 1, . . . , (n)−1 and each n ∈ N.
The obtained space is denoted by P . Note that for any n ∈ N and i = 1, . . . , (n) − 1 there exists a metric di,n on [cni ,n, c′ni ,n]
such that ([cni ,n, c′ni ,n],di,n) is isometric to ([0, σ (cni ,n, c′ni ,n)],d1|[0,σ (cni ,n,c′ni ,n)]).
Here, we extend the metric σ to P as follows: Let x, y ∈ P .
(1) ρ(x, y) = σ(x, y) if x, y ∈ Q .
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(3) If x ∈ Q and y ∈ [cni ,n, c′ni ,n] for some i and n, then
ρ(x, y) = min{σ(x, cni ,n) + di,n(cni ,n, y),σ (x, c′ni ,n)+ di,n(c′ni ,n, y)}.
(4) If x ∈ [cni ,n, c′ni ,n] and y ∈ [cm j ,m, c′mj ,m] for some i, j,n, and m with (i,n) = ( j,m), then
ρ(x, y) = min
α=cni ,n,c′ni ,n
β=cm j ,m,c′m j ,m
{
di,n(x,α) + σ(α,β) + d j,m(β, y)
}
.
It is easy to check that ρ is a proper metric on P and ρ|Q = σ . Since ρ|Q = σ and Q is dense at ∞ in (P ,ρ), by
Proposition 2.2, ud X  X is homeomorphic to uρ P  P and (P ,ρ) has the complementation property by the construction
of P . 
Theorem3.10. Let (X,d) be a noncompact, connected proper metric space with ud X X being connected. Then, for every noncompact,
connected proper metric space (Y ,ρ), there exists a proper metric ρY on Y compatible with the topology of Y such that ud X  X is
homeomorphic to uρY Y  Y .
Proof. By Lemma 3.9, there exists a 1-dimensional polyhedron (P , σ ) with the complementation property such that ud X X
is homeomorphic to uσ P  P . By Lemmas 3.6 and 3.8, there exists a perfect map g : R+ → P such that g(R+) is dense at
∞ in (P , σ ). By [2, Lemma 2.5], we can take a proper metric ρY compatible with the topology on Y such that uσ P  P is
homeomorphic to uρY Y  Y , therefore, ud X  X is homeomorphic to uρY Y  Y . 
Then, by Theorem 3.10, we have the aﬃrmative answer for Question 3.1 raised in [2].
Corollary 3.11. Let (X,d) be a noncompact, connected proper metric space with ud X  X being connected. Then, there exists a proper
metric ρ on R+ compatible with the topology on R+ such that ud X  X is homeomorphic to uρR+  R+ .
4. The Smirnov compactiﬁcations of the noncompact 1-polyhedra with uniform local connectedness
In this section, we give a suﬃcient condition that the dimension of the Smirnov remainder is equal to 1.
Lemma 4.1. Let (X,d) be a proper metric space with uniform local connectedness at ∞, {W0,W1} and {A0, A1} pairs of closed
subsets of X and ud X, respectively, and L = W0 ∩ W1 . Suppose that A0 ∩ A1 = ∅, X = W0 ∪ W1 , ∅ = Ai ∩ X ⊂ IntX Wi for i =
0,1, d(A0 ∩ X,W1) > 0, and d(A1 ∩ X,W0) > 0. Then Clud X L = Clud X W0 ∩ Clud X W1 and Clud X L  L is a partition between
A0 ∩ (ud X  X) and A1 ∩ (ud X  X) in ud X  X.
Proof. First, we show that Clud X L = Clud X W0 ∩ Clud X W1. On the contrary, suppose that we have an x ∈ Clud X W0 ∩
Clud X W1  Clud X L. Notice that x ∈ ud X  X . Since (X,d) is ULC at ∞, there exist a sequence {Kn}n∈N of compact sub-
sets of X with Kn ⊂ IntX Kn+1 and a sequence of positive numbers {δn}n∈N with δn+1 < δn < 2−n for each n ∈ N such
that for any y, z ∈ X  Kn with d(y, z) < δn we have a connected subset P containing y and z with diamd P < 2−n
for each n ∈ N. Since ud X is normal, there exists a closed neighborhood S of x in ud X such that S ∩ Clud X L = ∅ and
x ∈ Clud X (W0 ∩ S) ∩ Clud X (W1 ∩ S). By Proposition 1.1, we have d(W0 ∩ S  IntX Kn,W1 ∩ S  IntX Kn) = 0 for each n ∈ N.
Thus, there exist sequences xi,1, xi,2, . . . ∈ Wi ∩ S for i = 0,1 such that limn→∞ d(x0,n, x1,n) = 0. Then there exists a con-
nected subset Pn joining x0,n and x1,n in X with limn→∞ diamd Pn = 0. Since L = W0 ∩ W1, we have a yn ∈ L ∩ Pn for
each n ∈ N. Since limn→∞ d(x0,n, yn) = limn→∞ d(x1,n, yn) = 0, d(W0 ∩ S, L) = d(W1 ∩ S, L) = 0. By Proposition 1.1, we have
Clud X (Wi ∩ S)∩Clud X L = ∅ for i = 0,1. This contradicts the fact that S ∩Clud X L = ∅, and then Clud X L = Clud X W0 ∩Clud X W1.
Let L′ = Clud X L  L, W ∗0 = ud X  Clud X W1, and W ∗1 = ud X  Clud X W0. We see that
ud X  Clud X L = ud X  (Clud X W0 ∩ Clud X W1)
= (ud X  Clud X W0) ∪ (ud X  Clud X W1)
= W ∗0 ∪ W ∗1 .
Thus, (ud X  X)  L′ = ((ud X  X) ∩ W ∗0 ) ∪ ((ud X  X)∩ W ∗1 ). Since d(A0 ∩ X,W1) > 0 and d(A1 ∩ X,W0) > 0, by Proposi-
tion 1.1, Ai ∩ Clud X W j = ∅ whenever i = j, hence, Ai ⊂ W ∗i for i = 0,1. This shows that (ud X  X) ∩ Ai ⊂ W ∗i ∩ (ud X  X)
for i = 0,1. Therefore, L′ is a partition between A0 ∩ (ud X  X) and A1 ∩ (ud X  X). 
Lemma 4.2. Let (X,d) be a 1-cell and ε > 0with 3ε < diamd X. Then, there exists a triangulation S of X such that ε  diamd |τ | < 3ε
for each τ ∈ S  S(0) .
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by T1 and enumerate T1 as {σi: 1 i m} such that X  |σ1| and X  |σm| are connected, and |σi| ∩ |σ j| = ∅ if and only if
|i − j| 1. Set k0 = 0. Since 3ε < diamd X , let k1 = min{i: diamd⋃ij=1 |σ j| ε}. By the minimality of k1, |τ1| =⋃k1j=1 |σ j| is
a 1-cell with ε  diamd |τ1| < 2ε. Similarly, let k2 = min{i: diamd⋃ij=k1+1 |σ j| ε}. Note that |τ2| =⋃k2j=k1+1 |σ j| is a 1-cell
with ε  diamd |τ2| < 2ε. Inductively, we can take a sequence {k}n=1 with ki < k j for i < j such that |τ| =
⋃k
j=k−1+1 |σ j | is
a 1-cell with ε  diamd |τ| < 2ε for each  = 1,2, . . . ,n and diamd⋃mj=kn+1 |σ j| < ε. Here, we regard ⋃mj=kn−1+1 |σ j| as |τn|,
and then |τ| is a 1-cell with ε  diamd |τ| < 3ε for each  = 1,2, . . . ,n. Thus, we have a triangulation S of X such that
S  S(0) = {|τ|:  = 1,2, . . . ,n}, as claimed. 
Lemma 4.3. Let X be the sum of nonempty connected compact sets {Xn: n ∈ N} with a proper metric d. If there exists a δ > 0 such
that diamd Xn > δ for each n ∈ N and d(Xm, Xn) > δ whenever m = n, then dimud X  X  1.
Proof. Assume the contrary that dimud X  X = 0. By [5, Theorem 3.1.30], Indud X  X = 0. Take two points xn,0, xn,1 ∈ Xn
with d(xn,0, xn,1) > δ for each n ∈ N. For i = 0,1, set Ai = ⋃{xn,i: n ∈ N} which is closed in X . Since d(A0, A1) > δ, by
Proposition 1.1, Clud X A0 ∩ Clud X A1 = ∅. Since Indud X  X = 0, there exist disjoint closed subsets U0 and U1 of ud X  X
such that Clud X Ai  Ai ⊂ Ui for i = 0,1 and U0 ∪ U1 = ud X  X . Since ud X is normal, there exist open subsets V0 and
V1 of ud X such that Clud X V0 ∩ Clud X V1 = ∅ and Ui ⊂ Vi for i = 0,1. Here, we note that there exists a k ∈ N such that⋃
nk Xn ⊂ V0 ∪ V1 and Vi ∩ Xn = ∅ for all n ∈ N with n  k and i = 0,1. This contradicts the fact that every Xn is
connected, which completes the proof. 
Now, we obtain a suﬃcient condition that the Smirnov remainder ud X  X of a 1-dimensional polyhedron (X,d) is
1-dimensional.
Theorem 4.4. Let (X,d) be a noncompact 1-dimensional polyhedron with a triangulation T satisfying the following:
(1) d is proper.
(2) (X,d) is ULC.
(3) There exists an α > 0 such that |{σ : σ ∈ T  T(0),diamd |σ | < α}| < ℵ0 .
Then dimud X  X = indud X  X = Indud X  X = 1.
Proof. Without loss of generality, we may assume that diamd |σ | α for all σ ∈ T  T(0) . Let A0 and A1 be disjoint closed
subsets in ud X  X . We show that there exists a partition L′ between A0 and A1 such that Ind L′  0.
Since ud X is normal, there exist two open subsets U0 and U1 of ud X such that Ai ⊂ Ui for i = 0,1 and
Clud X U0 ∩ Clud X U1 = ∅. By Proposition 1.1, γ = 2−1d(X ∩ Clud X U0, X ∩ Clud X U1) > 0. Deﬁne a continuous map f : X → R
by f (x) = d(x, X ∩ Clud X U0) − d(x, X ∩ Clud X U1). By Lemma 4.1, we may assume that f −1(0) = ∅. Let V ′0 = f −1((−∞,0)),
V ′1 = f −1((0,∞)), V0 = f −1((−∞,0]), V1 = f −1(R+), and ε = 4−1 min{γ ,α,d(X ∩ Clud X U0, V1),d(X ∩ Clud X U1, V0)}.
By Lemma 4.2, without loss of generality, we may assume that ε  diamd |σ | < 3ε for all σ ∈ T  T(0) . Let T0 =
{τ : |σ | ∩ f −1(0) = ∅, τ < σ ∈ T} and L1 = |T(0)0 |. We show that IndClud X L1  L1 = 0. Here, by (2), there exists a δ > 0
with 2δ < ε such that for any two points x, y ∈ X with d(x, y) < δ there exists an arc P in X connecting x and y with
diamd P < ε. By [13, Theorem 3.4], we only need to show that L1 is δ-discrete. On the contrary, suppose that d(x, y) < δ
for some x, y ∈ L1 with x = y. There exists an arc P in X such that x, y ∈ P and diamd P < ε. Since x, y ∈ L1, there exists a
1-simplex σ of T such that |σ | ⊂ P , which contradicts diamd |σ | ε, as claimed.
We show that L1 separates between X ∩ Clud X U0 and X ∩ Clud X U1 in X . Let A be an arc connecting X ∩ Clud X U0 and
X ∩ Clud X U1 in X . Since 0 ∈ f (A), there exists a 1-simplex σ ∈ T0 such that |σ | ∩ A = ∅. This shows that L1 is a partition
between X ∩ Clud X U0 and X ∩ Clud X U1 in X .
Let W0 = ClX (⋃{C : C is a component of X  |T0| and C ⊂ V ′0}) and W1 = ClX (X  W0) = |T0| ∪ V1. We see that
X ∩Clud X Ui ⊂ Wi for i = 0,1 and L = W0 ∩W1 ⊂ L1. Then L is a partition between X ∩Clud X U0 and X ∩Clud X U1 in X . We
note that
d(W0, X ∩ Clud X U1) d(V0, X ∩ Clud X U1) 4ε > 0 and
d(W1, X ∩ Clud X U0) = d
(|T0| ∪ V1, X ∩ Clud X U0)
 d
(
ClX B3ε(V1,d), X ∩ Clud X U0
)
 d(V1, X ∩ Clud X U0) − 3ε  ε > 0.
Applying Lemma 4.1, Clud X L  L is a partition between A0 ∩ (ud X  X) and A1 ∩ (ud X  X). Since L ⊂ L1 and
IndClu X L1  L1  0, IndClu X L  L  0. Thus, Indud X  X  1.d d
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completes the proof. 
Corollary 4.5. Let X be a noncompact, connected, topological 1-manifold with a proper metric d. If (X,d) is ULC, then dimud X  X =
indud X  X = Indud X  X = 1.
Proof. We may assume that X = R+ . Set x0 = 0. By induction, deﬁne xn = max[xn−1,∞) ∩ ClX Bn(x0,d) and Tn = [xn−1, xn]
for each n ∈ N. Let T be the triangulation of X induced by {Tn: n ∈ N}, which is the desired property of Theorem 4.4, as
claimed. 
In [2, Corollary 2.4], we have the following: Let n ∈ N and let d be the usual metric on X = Rn or Rn+ . Then dimud X X =
indud X  X = Indud X  X = n. Therefore, by contraposition, we have the following.
Corollary 4.6. Let n ∈ N with n  2 and X a closed subset of (Rn,dn) which is homeomorphic to R+ or R. If X is dense at ∞ in
(Rn,dn), then (X,dn|X ) is not ULC.
The following example shows that (3) in Theorem 4.4 cannot be omitted.
Example 4.7. Let d be a metric on Rn deﬁned by
d
(
(x1, x2, . . . , xn), (y1, y2, . . . , yn)
)= max{|xi − yi |: 1 i  n}.
For each n ∈ N we construct a noncompact 1-dimensional polyhedron X ⊂ Rn with a subspace metric dX of Rn such that
(X,dX ) is ULC and dimudX X  X = indudX X  X = IndudX X  X = n.
Let
Lk =
{
m2−k: m = 0,1, . . . ,2k},
Ik =
{
(x1, x2, . . . , xn) ∈ [0,1]n:
∣∣{i: xi ∈ Lk}∣∣ n − 1},
a + Ik =
{
(a1 + x1,a2 + x2, . . . ,an + xn) ∈ Rn: (x1, x2, . . . , xn) ∈ Ik
}
for each a = (a1,a2, . . . ,an) ∈ Zn,
Xk =
⋃{
(a1,a2, . . . ,an) + Ik: |ai| = k for some i
}
for k ∈ N, X0 = I0, and
X =
∞⋃
k=0
Xk. (See Fig. 4.7.1.)
We see that X is a noncompact 1-dimensional polyhedron with uniform local connectedness, and it is dense at ∞ in
(Rn,d). By Proposition 2.2, udX X  X is homeomorphic to udnR
n
R
n . By [2, Corollary 2.4], dimudX X  X = indudX X  X =
IndudX X  X = n.
Fig. 4.7.1. X as in the case n = 2.
Question 4.8. Suppose that (R+,d) is ULC with a proper metric compatible with the topology on R+ . Is udR+  R+ homeomorphic
to ud1|R+ R+  R+?
5. The Smirnov compactiﬁcations of noncompact high dimensional manifolds with uniform local connectedness
In this section, we discuss the dimension of the Smirnov remainder of high-dimensional manifolds.
Lemma 5.1. Let X = [0,1]n−1 × R+ and d = dn|X for each n ∈ N. Then dimud X  X = indud X  X = Indud X  X = n.
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uniformly isomorphic to ([0,1]n × N,dn|[0,1]n + d1|N). By [13, Theorems 2.10, 3.4, and 3.6], uρY  Y is homeomorphic to
[0,1]n × (βN  N), and hence dimuρY  Y  n. Since CludnRn Y  Y ⊂ CludnRn X  X ⊂ CludnRn Rn  Rn , by [13, Theorem 2.9],
[2, Corollary 2.4], and [5, Theorems 1.6.3 and 3.1.29], the lemma follows. 
Lemma 5.2. Let n  3, and let (M,d) be an n-dimensional PL manifold, L a k-dimensional subpolyhedron of M with 1 k  n − 2,
N the regular neighborhood of L in M, and T a triangulation of N. Suppose that for every ε > 0 there exists a compact set K ⊂ N such
that every simplex σ ∈ T with |σ | ⊂ N  K satisﬁes diamd |σ | < ε. Then the following are equivalent:
(1) (L,d|L) is ULC at ∞.
(2) (N,d|N ) is ULC at ∞.
(3) (∂N,d|∂N ) is ULC at ∞, where ∂N is the boundary of N.
Proof. For the sake of abbreviation, we don’t distinguish among d|L , d|N , d|∂N , and d. First, let r : N → L be the canonical
strong deformation retraction. By assumption, we may assume that for every ε > 0 there exists a compact set K in N such
that the diameter of homotopy track Tx of a point x ∈ N  K is less than ε. Moreover, for every ε > 0, there exist a δ > 0
and a compact set K ′ of N such that for any subset A ⊂ N  K ′ with diamd A < δ, diamd r(A) < ε.
(1) ⇒ (2). Let ε > 0. Since (L,d|L) is ULC at ∞, there exist a δ1 > 0 and a compact set K1 ⊂ L such that for any
x, y ∈ L  K1 with d(x, y) < δ1 there exists a connected set A ⊂ L satisfying x, y ∈ A and diamd A < ε/3. By the above, there
exist a δ2 > 0 and a compact set K2 ⊂ N such that for any x, y ∈ N  K2 with d(x, y) < δ2, d(r(x), r(y)) < δ1. Furthermore,
there exists a compact set K3 ⊂ N such that diamd Tx < ε/3 for each x ∈ N  K3. Take x, y ∈ N  (K1 ∪ K2 ∪ K3) with
d(x, y) < δ2. Then there exists a connected set A ⊂ L satisfying r(x), r(y) ∈ A and diamd A < ε/3. Therefore, we have the
desired connected set Tx ∪ A ∪ T y in N .
(2) ⇒ (1). Let ε > 0. By the above, there exist a δ1 > 0 and a compact set K1 ⊂ N such that for any subset A ⊂ N  K1
with diamd A < δ1, diamd r(A) < ε. Since (N,d|N ) is ULC at ∞, there exist a δ2 > 0 and a compact set K2 ⊂ N such that
for any x, y ∈ N  K2 with d(x, y) < δ2 there exists a connected set A ⊂ N satisfying x, y ∈ A and diamd A < δ1. Take
x, y ∈ L  (ClN Bδ1 (K1,d) ∪ K2) with d(x, y) < δ2. Then there exists a connected set A ⊂ N  K1 satisfying x, y ∈ A and
diamd A < δ1. Thus, we have the desired connected set r(A) in L containing r(x) = x and r(y) = y, which diamd r(A) < ε.
Next, let s : N  L → ∂N be the canonical strong deformation retraction. By assumption, for every ε > 0 there exists a
compact set K in N such that the diameter of homotopy track Hx of a point x ∈ N  (L ∪ K ) is less than ε. Moreover, for
every ε > 0, there exist a δ > 0 and a compact set K ′ of N such that for any subset A ⊂ N  (L ∪ K ′) with diamd A < δ,
diamd s(A) < ε.
(2) ⇒ (3). Let ε > 0. By the above, there exist a δ1 > 0 and a compact set K1 ⊂ N such that for any subset A ⊂
N  (L ∪ K1) with diamd A < δ1, diamd s(A) < ε. Since (N,d|N ) is ULC at ∞, there exist a δ2 > 0 and a compact set K2 ⊂ N
such that for any x, y ∈ N  K2 with d(x, y) < δ2 there may be an arc A ⊂ N satisfying x, y ∈ A and diamd A < δ1. Now,
take x, y ∈ ∂N  (ClN Bδ1 (K1,d) ∪ K2) with d(x, y) < δ2. Then we have an arc A ⊂ N connecting x and y with diamd A < δ1.
By the general position theorem, we may assume that A ∩ L = ∅. Thus, s(A) is the desired connected set in ∂N containing
s(x) = x and s(y) = y, which diamd s(A) < ε.
(3) ⇒ (2). Let ε > 0. Since (∂N,d|∂N ) is ULC at ∞, there exist a δ1 > 0 and a compact set K1 ⊂ ∂N such that for
any x, y ∈ ∂N  K1 with d(x, y) < δ1 there exists a connected set A ⊂ ∂N satisfying x, y ∈ A and diamd A < ε/4. By
the above, there exist a δ2 > 0 and a compact set K2 ⊂ N such that for any x, y ∈ N  (L ∪ K2) with d(x, y) < δ2,
d(s(x), s(y)) < δ1. Moreover, there exists a compact set K3 ⊂ N such that diamd Hx < ε/4 for any x ∈ N  (L ∪ K3). Take
x, y ∈ N  (ClN Bε/4(K1,d) ∪ K2 ∪ K3) with d(x, y) < δ2/3. There exist x′, y′ ∈ N  L and arcs Bx, B y ⊂ N such that x, x′ ∈ Bx ,
y, y′ ∈ B y , diamd Bx + diamd B y < ε/4, and d(x′, y′) < δ2. Then s(x′), s(y′) ∈ ∂N  K1 with d(s(x′), s(y′)) < δ1. Thus, there
exists a connected set A ⊂ ∂N with diamd A < ε/4 containing s(x′) and s(y′). Therefore, we have the desired connected set
Bx ∪ Hx′ ∪ A ∪ Hy′ ∪ B y in N . 
Lemma 5.3. Let n 3, (M,d) an n-dimensional PL manifold with a triangulation T, and L = |T(k)| with k 1. Suppose that for every
ε > 0 there exists a compact set K ⊂ M such that every simplex σ ∈ T with |σ | ⊂ M  K satisﬁes diamd |σ | < ε. If (M,d) is ULC
at ∞, then so is (L,d|L).
Proof. Let Q be a dual complex of L in M and r : M  Q → L the canonical strong deformation retraction. By assumption,
for every ε > 0 there exist a δ > 0 and a compact set K ⊂ M such that for any arc A ⊂ M  (Q ∪ K ) with diamd A < δ,
diamd r(A) < ε. Since (M,d) is ULC at ∞, there exist a δ′ > 0 and a compact set K ′ ⊂ M such that for any x, y ∈ M  K ′
with d(x, y) < δ′ there exists an arc A in M connecting x and y such that diamd A < δ. Take x, y ∈ L  (ClM Bδ(K ,d) ∪ K ′)
with d(x, y) < δ′ . Then there exists an arc A connecting x and y such that A ⊂ M  K and diamd A < δ. By the general
position theorem, we may assume that A ∩ Q = ∅. Therefore, we have the connected set r(A) in L satisfying x, y ∈ r(A) and
diamd r(A) < ε. 
We now give two examples.
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(Rn,ρ) is ULC and dimuρRn  Rn = induρRn  Rn = InduρRn  Rn = 1.
Let
X0 =
{
(x1, x2, . . . , xn, xn+1) ∈ Rn × R+:
n∑
i=1
x2i =
1
1+ xn+1
}
,
X1 =
{
(x1, x2, . . . , xn,0) ∈ Rn × R+:
n∑
i=1
x2i  1
}
, and
X = X0 ∪ X1
with a metric ρ = dn+1|X . Clearly, X is homeomorphic to Rn and (X,ρ) is ULC. Let
Y = {(0,0, . . . ,0,0, xn+1) ∈ Rn × R+: xn+1  0}. (See Fig. 5.4.1.)
Since (X,ρ) and (Y ,dn+1|Y ) are dense at ∞ in (X ∪ Y ,dn+1|X∪Y ), Induρ X  X = Indudn+1|Y Y  Y = 1 by Proposition 2.2
and Corollary 4.5. Moreover, dimuρ X  X = induρ X  X = 1.
(2) For any k,m ∈ N with 2 m < k there exists a noncompact topological m-manifold Z in Rk such that (Z ,dk|Z ) is
ULC, udk |Z Z  Z is homeomorphic to udkRk  Rk , and so dimudk|Z Z  Z = indudk|Z Z  Z = Indudk |Z Z  Z = k.
Let n ∈ N with n  3 and X as in Example 4.7.1. There exists a cell triangulation T of Rn such that |T(1)| = X . Let
N be the regular neighborhood of X in Rn and Zn−1 = ∂N the boundary of N . By Lemma 5.2, (Zn−1,dn|Zn−1) is ULC
at ∞, thus, by [1, Corollary 3.8], so is ULC. Since the topological (n − 1)-manifold Zn−1 is dense at ∞ in (Rn,dn), by
Proposition 2.2, udn|Zn−1 Zn−1  Zn−1 is homeomorphic to udnR
n
 R
n , and so dimudn|Zn−1 Zn−1  Zn−1 = indudn|Zn−1 Zn−1 
Zn−1 = Indudn|Zn−1 Zn−1  Zn−1 = n by [2, Corollary 2.4].
Suppose that n  4. Let Tn−1 be a triangulation of Zn−1, Xn−1 = |T(1)n−1|, and Zn−2 the boundary of the regular neigh-
borhood of Xn−1 in Zn−1. Since Zn−1 is ULC at ∞, by Lemma 5.3, Xn−1 is ULC at ∞. By Lemma 5.2, Zn−2 is ULC at ∞,
thus, by [1, Corollary 3.8], so is ULC. Since the topological (n − 2)-manifold Zn−2 is dense at ∞ in (Rn,dn), by Proposi-
tion 2.2, udn|Zn−2 Zn−2  Zn−2 is homeomorphic to udnR
n
 R
n , and so dimudn|Zn−2 Zn−2  Zn−2 = indudn|Zn−2 Zn−2  Zn−2 =
Indudn|Zn−2 Zn−2  Zn−2 = n by [2, Corollary 2.4].
Repeating the inductive argument above, we have the desired conclusion.
Fig. 5.4.1. X as in the case n = 2.
The following is a generalization of Example 5.4.1(1).
Proposition 5.5. For any n,k ∈ N with 1  k  n, there exists a proper metric dk,n compatible with the topology on Rn such that
(Rn,dk,n) is ULC and dimudk,nR
n  Rn = indudk,nRn  Rn = Indudk,nRn  Rn = k.
Proof. By [2, Corollary 2.4] and Example 5.4.1 (1), we may assume that 2 k < n. Let 0m = (0,0, . . . ,0) ∈ Rm ,
S
m =
{
(x1, x2, . . . , xm+1) ∈ Rm+1:
m+1∑
i=1
x2i = 1
}
, and
rSm = {(rx1, rx2, . . . , rxm+1) ∈ Rm+1: (x1, x2, . . . , xm+1) ∈ Sm}
for each r > 0 and each m ∈ N. We regard Sk−2 and rSn−k as subspaces of Rk−1 × {0n−k+2} ⊂ Rn+1 and {0k−1} × Rn−k+1 ×
{1} ⊂ Rn+1, respectively. By [10, Proposition 2.23], the join Sk−2 ∗ rSn−k is contained in Rn+1 and is homeomorphic to Sn−1.
Let
B = {{1} × {0n+2}} ∗ {{0} × (Sk−2 ∗ Sn−k)× {0}}⊂ R × Rn+1 × R+,
X = B ∪
⋃
r0
{0} × (Sk−2 ∗ (1+ r)−1Sn−k)× {r} ⊂ R × Rn+1 × R+, and
Y = {0} × (Sk−2 ∗ {0n−k+1})× R+ ⊂ R × Rn+1 × R+.
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is homeomorphic to Rn .
By [13, Theorem 4.2], Cludn+3Rn+3
X  X = Cludn+3Rn+3 Y Y . Since S
k−2 ∗{0n−k+1} is a (k−1)-cell, (Y ,dn+3|Y ) is uniformly
isomorphic to ([0,1]k−1 × R+,dk|[0,1]k−1×R+ ). By Lemma 5.1, dimudk,n X  X = indudk,n X  X = Indudk,n X  X = k, which
completes the proof. 
Example 5.6. Let k,n ∈ N with 1 n < k. We construct a proper metric ρk,n compatible with the topology on Rn such that
(Rn,ρk,n) is not ULC and uρk,nR
n  Rn is homeomorphic to udkR
k  Rk , hence, dimuρk,nR
n  Rn = k.
There exists a closed subset X1 of Rk which is homeomorphic to R and is dense at ∞ in (Rk,dk). By Proposition 2.2,
udk|X1 X1  X1 is homeomorphic to udkR
k  Rk , hence, (X1,dk|X1 ) is not ULC by Corollary 4.6.
We may assume that k 3. There exist a triangulation K of Rk and a subpolyhedron Xk of |K(1)| which is homeomorphic
to R+ and is dense at ∞ in (Rk,dk) such that for any  ∈ N and any σ ∈ KK(0) with |σ | ⊂ Rk  [−, ]k , diamdk |σ | < 2− .
By Corollary 4.6, (Xk,dk|Xk ) is not ULC. Let Yk be the regular neighborhood of Xk in Rk and Zk−1 = ∂Yk the boundary of Yk
which is homeomorphic to Rk−1. By Proposition 2.2, udk|Zk−1 Zk−1 Zk−1 is homeomorphic to udkR
k Rk , and by Lemma 5.2,
(Zk−1,dk|Zk−1) is not ULC.
Suppose that k  4. Since Zk−1 is homeomorphic to Rk−1, there exists a subpolyhedron Xk−1 of Zk−1 which is homeo-
morphic to R+ and is dense at ∞ in (Zk−1,dk|Zk−1), and then so is Xk−1 in (Rk,dk). By Corollary 4.6, (Xk−1,dk|Xk−1) is not
ULC. Let Yk−1 be the regular neighborhood of Xk−1 in Zk−1 and Zk−2 = ∂Yk−1 the boundary of Yk−1 which is homeomor-
phic to Rk−2 such that udk |Zk−2 Zk−2  Zk−2 is homeomorphic to udkR
k  Rk . Similarly, (Zk−2,dk|Zk−2 ) is not ULC. Repeating
the previous argument, we have the desired conclusion.
The results above drive us to the following.
Question 5.7. Does every n-dimensional Euclidean space (Rn,d) with uniform local connectedness satisfy dimudRn  Rn  n?
A family U of subsets of a metric space (X,d) is said to be uniformly ﬁnite if there is an N ∈ N such that the cardi-
nalities of all members of U are less than N . We give a suﬃcient condition for a countable discrete space (X,d) with
dimud X  X = 0.
Lemma 5.8. Let d be a proper metric compatible with the topology on a countable discrete space D. If there exist a uniformly ﬁnite
open cover U of D and an R > 0 such that all the pairwise distances between members of U are greater than R, then IndudD  D = 0.
Proof. Enumerate U = {Xn: n ∈ N}. Since U is uniformly ﬁnite, there exists an N ∈ N such that |Xn| N for each n ∈ N. Let
A and B be disjoint closed subsets in udD  D . We show that there exists a clopen subset U ′ of udD  D such that A ⊂ U ′
and U ′ ∩ B = ∅.
Since udD is normal, there exist two open subsets U and V of udD such that A ⊂ U , B ⊂ V , and CludD U ∩ CludD V = ∅.
By Proposition 1.1, δ = d(D ∩ CludD U , D ∩ CludD V ) > 0. Let
M0 = {n ∈ N: Xn ∩ CludD U = ∅ and Xn ∩ CludD V = ∅},
M1 = {n ∈ N: Xn ∩ CludD U = ∅ and Xn ∩ CludD V = ∅},
L0 = {n ∈ N: Xn ∩ CludD U = ∅ and Xn ∩ CludD V = ∅}, and
L1 = {n ∈ N: Xn ∩ CludD U = ∅ and Xn ∩ CludD V = ∅}.
Fix n ∈ L0. By the deﬁnition of δ, there exists no sequence x0, x1, . . . , xk in Xn such that k N , x0 ∈ CludD U and xk ∈ CludD V
and d(xi−1, xi) < δ/N for each i = 1,2, . . . ,k. Let
Xn,0 =
{
xk ∈ Xn: {xi}ki=0 ⊂ Xn, x0 ∈ CludD U , d(xi−1, xi) < δ/N for each i
}
, and
Xn,1 =
{
xk ∈ Xn: {xi}ki=0 ⊂ Xn, x0 ∈ CludD V , d(xi−1, xi) < δ/N for each i
}
.
We note that Xn,0 ∩ Xn,1 = ∅ and d(Xn  Xn,1, Xn,1) δ/N for each n ∈ L0.
Let
W0 = (U ∩ D) ∪
⋃
n∈M0∪L1
Xn ∪
⋃
n∈L0
(Xn  Xn,1) and
W1 = (V ∩ D) ∪
⋃
Xn ∪
⋃
Xn,1.
n∈M1 n∈L0
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of W0 and W1, d(W0,W1) min{R, δ/N}. By Proposition 1.1, CludD W0 ∩ CludD W1 = ∅. Deﬁne U ′ = CludD W0  D , which
contains A. Since CludD W0 ∪ CludD W1 = udD , U ′ is a clopen subset of udD  D such that A ⊂ U ′ and U ′ ∩ B = ∅. 
Corollary 5.9. For every countable proper metric space (X,d) with uniform local connectedness at ∞, we have Indud X  X = 0.
By Lemma 5.8, we have the following.
Proposition 5.10. Let (X,d) be a noncompact proper metric space with uniform local connectedness at ∞. If there exists a perfect
map f : X → R+ such that limt→∞ diamd f −1(t) = 0, then Indud X  X  1.
Proof. Let A0 and A1 be disjoint closed subsets in ud X  X . We show that there exists a partition L′ between A0 and A1
with Ind L′  0.
Since ud X is normal, there exist two open subsets U0 and U1 of ud X such that Ai ⊂ Ui for i = 0,1 and
Clud X U0 ∩ Clud X U1 = ∅. By Proposition 1.1, γ = 4−1d(X ∩ Clud X U0, X ∩ Clud X U1) > 0. Let Vi = Bγ (X ∩ Clud X Ui,d) for
i = 0,1.
There exists a t0 ∈ R+ such that diamd f −1(t) < γ for each t > t0. We may assume that ClX V0 ∪ ClX V1 ⊂ f −1((t0,∞)).
By the deﬁnition of t0, either ClX V0 ∩ f −1(t) = ∅ or ClX V1 ∩ f −1(t) = ∅ holds for each t > t0. According to the last fact,
f (ClX V0) and f (ClX V1) are disjoint closed sets. So, there exist sequences {sn}n∈N and {s′n}n∈N satisfying the following:
(1) sn < s′n < sn+1 for each n ∈ N.
(2) f (ClX V0) ⊂⋃n∈N[s2n−1, s′2n−1] and f (ClX V1) ⊂⋃n∈N[s2n, s′2n].
Now, let n ∈ N. If f −1((s′n, sn+1)) = ∅, then we can take an xn ∈ (s′n, sn+1) such that f −1(xn) = ∅, and put Ln = f −1(xn).
Otherwise, Ln = ∅. Then, we note that L =⋃n∈N Ln is closed in X and is a partition between ClX V0 and ClX V1.
Set x0 = 0, W0 =⋃∞i=1 f −1([x2(i−1), x2i−1]), and W1 =⋃∞i=1 f −1([x2i−1, x2i]). Note that X = W0 ∪ W1, L = W0 ∩ W1,
ClX V i ⊂ IntX Wi for i = 0,1, and L is a partition between X ∩ Clud X U0 and X ∩ Clud X U1 in X . Since W j ∩ ClX V i = ∅
whenever i = j, d(X ∩ Clud X Ui,W j) > 0 whenever i = j. By Lemma 4.1, L′ = Clud X L  L is a partition between A and B in
ud X  X .
We only need to show that IndClud X L
′  0. Since X is ULC at ∞, there exist a δ > 0 and a compact subset K of X
such that for any two points x, y ∈ X  K with d(x, y) < δ there exists a connected subset P in X satisfying x, y ∈ P and
diamd P < γ . Then there exists an N ∈ N such that Ln ∩ K = ∅ for all n N . Here, we show the following.
Claim. d(Li, L j) < δ implies |i − j| 1 for all i, j  N.
Assume the contrary that there exist i, j ∈ N with i, j  N such that d(Li, L j) < δ and |i − j|  2. We can take an
x ∈ Li and a y ∈ L j such that d(x, y) = d(Li, L j) < δ. Then there exists a connected subset P in X such that x, y ∈ P and
diamd P < γ . Since [si+1, s′j] ⊂ f (P ), f −1( f (P )) ∩ ClX Vk = ∅ for k = 0,1. But, we see that d(X ∩ Clud X U0, X ∩ Clud X U1)
diamd P + 2γ < 4γ , which contradicts the deﬁnition of γ .
Now, take a zn ∈ Ln for each n ∈ N with Ln = ∅. Let Z = {zn: Ln = ∅ and n ∈ N}. Since Z is dense at ∞ in (L,d|L),
ud|Z Z  Z is homeomorphic to ud|L L L. Let U = {U : U ⊂ Z and d(u, v) < δ/2 for each u, v ∈ U }. By the claim above, |U | 2
for all U ∈ U and d(U ,U ′) δ/2 for any U ,U ′ ∈ U with U = U ′ . By Lemma 5.8, we conclude that IndClud X L  L  0. 
6. The Smirnov compactiﬁcations of inﬁnite thin covering spaces
We discuss Smirnov remainders of some inﬁnite covering spaces of compact topological n-manifolds which are homeo-
morphic to Rn .
Deﬁnition 6.1. An inﬁnite covering space (( X˜, d˜), p) of a compact metric space (X,d) is said to be thin if the following are
satisﬁed:
(1) d˜ is a proper metric compatible with the topology on X˜ .
(2) The covering projection p : ( X˜, d˜) → (X,d) is uniformly continuous.
(3) There exists a ﬁnite open cover U of X satisfying the following:
(a) For any U ∈ U, U˜ = p−1(U ) is a disjoint union of open sets {Un}n∈N , called sheets, and p|Un : (Un, d˜|Un ) → (U ,d|U )
is an isometry for each n ∈ N. We say that U is evenly covered by p.
(b) There exists an R > 0 such that d˜(Cl X˜ Un,Cl X˜ Um) > R whenever m = n.
Example 6.2. (1) Let S1 = {(cos2πt, sin2πt) ∈ R2: 0  t  1} with the subspace metric d of (R2,d2), D = {xi: i ∈ Z} a
subset which is dense at ∞ in (R,d1) with xi < xi+1 such that D ∩ [i, i + 1] is ﬁnite for each i ∈ Z, X˜ = {(cos2πt, sin2πt,
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a covering projection, but (( X˜,d3| X˜ ),π1) is not thin because (3) as in Deﬁnition 6.1 is not satisﬁed.
(2) Let (S1,d), X˜ , and π be as in (1). Deﬁne σ((x1, x2, x3), (x′1, x′2, x′3)) = max{d2((x1, x2, ), (x′1, x′2)), |x3 − x′3|} for any
(x1, x2, x3), (x′1, x′2, x′3) ∈ R3. Then π2 = π | X˜ : ( X˜, σ | X˜ ) → (S1,d) is a covering projection, but (( X˜, σ | X˜ ),π2) is not thin be-
cause (3)–(b) as in Deﬁnition 6.1 is not satisﬁed.
(3) Let (S1,d), σ , and π be as in (2). Z˜ = {(cos2πt, sin2πt, (1 − t)i + t(i + 1)) ∈ R3: 0  t  1, i ∈ Z}. Deﬁne π3 =
π | Z˜ : ( Z˜ , σ | Z˜ ) → (S1,d), and then we note that (( Z˜ , σ | Z˜ ),π3) is thin.
(4) For any distinct points x, x′ ∈ S1 there exist two arcs A0(x, x′), A1(x, x′) connecting x and x′ in S1 such that S1 =
A0(x, x′) ∪ A1(x, x′). Let li(x, x′) is the length of Ai(x, x′). Deﬁne ρ(x, x′) = min{l0(x, x′), l1(x, x′)} for any x, x′ ∈ S1. Note that
ρ is a metric compatible with the topology of S1.
Let Yn,0 = {(cos4πt, sin4πt, t2−n) ∈ R3: 0 t  1/2}, Yn,1 = {(cos4πt, sin4πt, (2−n − 2)(1− t) + 1) ∈ R3: 1/2 t  1},
Y ′n = Yn,0 ∪ Yn,1 for each n ∈ N. Put Yi = (0,0, i) + Y ′|i| for each i ∈ Z, and Y =
⋃
i∈Z Yi . Deﬁne pn : Y ′n → S1 by
pn(cos4πt, sin4πt, z) = (cos2πt, sin2πt) and p = ⋃i∈Z(p|i| ◦ πi) : Y → S1, where πi : Yi → Y ′|i| is the natural isomor-
phism. Let d˜ be a metric on S1 × R deﬁned by d˜((x0, y0, z0), (x1, y1, z1)) = max{ρ((x0, y0), (x1, y1))/2, |z0 − z1|}. Then,
p : (Y , d˜) → (S1,ρ) satisﬁes (1) and (3) as in Deﬁnition 6.1, but not (2). Thus, ((Y , d˜), p) is not thin.
Lemma 6.3. Let (( X˜, d˜), p) be an inﬁnite thin covering space of a compact metric space (X,d) and U a ﬁnite open cover of X as in
Deﬁnition 6.1. Then we have the following:
(1) Let U ∈ U, x0 ∈ U , and F = p−1(x0). Then (p−1(U ), d˜|p−1(U )) is uniformly isomorphic to (U × F ,d|U + d˜|F ).
(2) If X is locally connected, then ( X˜, d˜) is ULC.
Proof. (1) For every sheet Un of U˜ , there exists an isometry hn : U → Un such that p ◦hn = idU and d(x, y) = d˜(hn(x),hn(y))
for any x, y ∈ U . Put F ∩Un = {xn} for each n ∈ N. Now, deﬁne a homeomorphism h : (U × F ,μ) → (p−1(U ),ρ) by h(x, xn) =
hn(x) for each x ∈ U , where μ = d|U + d˜|F and ρ = d˜|p−1(U ) . We show that h is a uniform isomorphism. Let ε > 0 with ε < R ,
where R is as in Deﬁnition 6.1. Since d˜(xn, xm) > R whenever m = n, μ((x, xn), (y, xm)) < ε implies that m = n and
ρ
(
h(x, xn),h(y, xm)
)= d˜(hn(x),hn(y))= d(x, y) = μ((x, xn), (y, xm)).
Thus, h is a uniform isomorphism.
(2) Let ε > 0. Since X is a locally connected compact space, we may assume that U is connected and diamd U < ε for
each U ∈ U. Let γ > 0 be a Lebesgue number for U and R > 0 as in Deﬁnition 6.1. Since p is uniformly continuous, there
exists a δ > 0 with δ < R such that d˜(x, y) < δ implies d(p(x), p(y)) < γ . Let x, y ∈ X˜ with d˜(x, y) < δ. Since there exists a
U ∈ U such that p(x), p(y) ∈ U , x, y ∈ Un for some sheet Un of U˜ . Recall that Un is connected and diam d˜ Un < ε, and then
the proof is complete. 
In particular, every inﬁnite thin covering space of a compact topological manifold is ULC.
Proposition 6.4. Let (( X˜, d˜), p) be an inﬁnite thin covering space of a compact n-dimensional metric space (X,d). Then ud˜ X˜  X˜
can be represented as the ﬁnite union of closed subsets Z1, Z2, . . . , Zk such that dim Zi  n for each i = 1,2, . . . ,k. In particular,
dimud˜ X˜  X˜ = n.
Proof. Let U be a ﬁnite open cover of X as in Deﬁnition 6.1. Since dim X = n, there exist closed subsets E1, E2, . . . , Ek such
that
⋃k
i=1 Ei = X , dim Ei  n, and Ei ⊂ U for some U ∈ U. By Lemma 6.3(1), (p−1(Ei), d˜|p−1(Ei )) is uniformly isomorphic
to (Ei × Fi,d|Ei + d˜|Fi ) for some xi ∈ Ei , where Fi = p−1(xi). Thus, by [13, Theorem 2.9], Zi = Clud˜ X˜ p−1(Ei)  p−1(Ei) is
homeomorphic to ud|Ei +˜d|Fi Ei × Fi  Ei × Fi . Furthermore, by [13, Theorem 3.6], ud|Ei +˜d|Fi Ei × Fi  Ei × Fi is homeomorphic to
Ei × (ud˜|Fi F i  Fi). Since Fi is R-discrete for some R > 0, by Lemma 5.8, dimud˜|Fi F i  Fi = indud˜|Fi F i  Fi = Indud˜|Fi F i  Fi =
0. By [5, Theorem 3.2.13], we have
dim Zi = dim
(
Ei × (ud˜|Fi F i  Fi)
)
 dim Ei + dim(ud˜|Fi F i  Fi)
= dim Ei  n.
Since
⋃k
i=1 p−1(Ei) = X˜ , ud˜ X˜  X˜ =
⋃k
i=1 Zi . By [5, Theorem 3.1.8], dimud˜ X˜  X˜  n. Since dim X = n, dim Ei0 = n for
some i0 with 1  i0  k. By [2, Lemma 2.1], Ei0 is embedded in ud˜ X˜  X˜ . Then n = dim Ei0  dimud˜ X˜  X˜ , and hence
dimud˜ X˜  X˜ = n, which completes the proof. 
Let ( X˜, d˜) be an inﬁnite thin covering space of a compact topological n-manifold. Proposition 6.4 above shows that
dimu˜X˜  X˜ = n. Since dimu˜X˜  X˜  indu˜X˜  X˜  Indu˜X˜  X˜ , we have to investigate Indu˜X˜  X˜ .d d d d d
82 Y. Akaike et al. / Topology and its Applications 158 (2011) 69–83Theorem 6.5. Let (( X˜, d˜), p) be an inﬁnite thin covering space of a compact 2-manifold (X,d). Then dimud˜ X˜  X˜ = indud˜ X˜  X˜ =
Indud˜ X˜  X˜ = 2.
Proof. There exists a triangulation T of X such that d(p(x), p(y)) = d˜(x, y) for each σ ∈ S and any x, y ∈ |σ |, where
S is a triangulation of X˜ induced by T and p. By Lemma 6.3(1), (p−1(|τ |), d˜|p−1(|τ |)) is uniformly isomorphic to
(|τ | × p−1(xτ ),d||τ | + d˜|p−1(xτ )) for each 2-complex τ ∈ T and each xτ ∈ |τ |.
By Proposition 6.4, it suﬃces to show that Indud˜ X˜  X˜  2. Let A0 and A1 be disjoint closed subsets in ud˜ X˜  X˜ .
We show that there exists a partition L′ between A0 and A1 with Ind L′  1. Since ud˜ X˜ is normal, there exist two open
subsets U0 and U1 of ud˜ X˜ such that Ai ⊂ Ui for i = 0,1 and Clud˜ X˜ U0 ∩ Clud˜ X˜ U1 = ∅. By Proposition 1.1, d( X˜ ∩ Clud˜ X˜ U0, X˜ ∩
Clud˜ X˜ U1) > 0. Deﬁne a continuous map f : X˜ → R by f (x) = d˜(x, X˜ ∩Clud˜ X˜ U0)− d˜(x, X˜ ∩Clud˜ X˜ U1). Let V ′0 = f −1((−∞,0)),
V ′1 = f −1((0,∞)), V0 = f −1((−∞,0]), V1 = f −1(R+), and
ε = 3−1 min{˜d( X˜ ∩ Clud˜ X˜ U0, V1), d˜( X˜ ∩ Clud˜ X˜ U1, V0)}.
Without loss of generality, we may assume that
0 < α = inf{diamd˜ |τ |: τ ∈ S  S(0)} sup{diamd˜ |τ |: τ ∈ S  S(0)}< ε.
Let S0 = {τ ′ ∈ S: |τ | ∩ f −1(0) = ∅, τ ′ < τ } and St(S0,S) = {τ ′ ∈ S: |τ | ∩ |S0| = ∅, τ ′ < τ }. Let Y = |St(S0,S)|. Notice that
Fr X˜ Y ⊂ p−1(|T(1)|).
Let
W0 = Cl X˜
(⋃{
C : C is a component of X˜  Y and C ⊂ V ′0
})
and W1 = Cl X˜ ( X˜  W0) = Y ∪ V1. We see that X˜ ∩ Clud˜ X˜ Ui ⊂ Wi for i = 0,1 and L = W0 ∩ W1 ⊂ Fr X˜ Y . Furthermore, we
note that
d˜(W0, X˜ ∩ Clud˜ X˜ U1) d˜(V0, X˜ ∩ Clud˜ X˜ U1) 3ε > 0 and
d˜(W1, X˜ ∩ Clud˜ X˜ U0) d˜
(
Cl X˜ B2ε(V1, d˜), X˜ ∩ Clud˜ X˜ U0
)
 ε > 0.
Since X is locally connected, by Lemma 6.3(2), ( X˜, d˜) is ULC. By Lemma 4.1, L′ = Clud˜ X˜ L  L is a partition between A0
and A1 in ud˜ X˜  X˜ .
Let Z = p−1(|T(1)|) and ρ = d˜|Z . We show that Induρ Z  Z = 1. Since |T(1)| is locally connected, by Lemma 6.3(2),
(Z ,ρ) is ULC. Since diamd˜ |σ | α for each σ ∈ S  S(0) , by Theorem 4.4, Induρ Z  Z = 1. Since L′ ⊂ Clud˜ X˜ Fr X˜ Y  Fr X˜ Y ⊂
Clud˜ X˜ Z  Z and [13, Theorem 2.9],
Ind L′  IndClud˜ X˜ Z  Z = Induρ Z  Z = 1.
Thus Indud˜ X˜  X˜  2, as claimed. 
Corollary 6.6. If (R2,ρ) is a thin covering space for some compact 2-manifold, then dimuρR2  R2 = induρR2  R2 =
InduρR2  R2 = 2.
Question 6.7. Let (( X˜, d˜), p) be an inﬁnite thin covering space of a compact n-manifold (X,d). Does Indud˜ X˜  X˜ = n hold?
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